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Abstract 
For l-connected, finite type CW-spaces X and Y with Y a loop space, the group 
Ph(X, Y) of pointed homotopy classes of phantom maps from X to Y is divisible abelian. 
We obtain sharpened and generalized versions of examples demonstrating that the group 
Ph(X, Y) may possess torsion. Moreover, we give a complete and explicit description of 
those divisible abelian groups that may be realized as Ph(X, Y) for suitable X and Y. 
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1. Background, statement of results 
In recent papers [4,5], variants of an example of Meier [6] were used to illustrate 
certain phenomena in phantom map theory. In this paper, we revisit Meier’s 
example, examine it in the light of the technology introduced in [91 and developed 
in [7,8], and sharpen and generalize it. 
First we remind the reader that a phantom map 4 : X + Y is defined as a 
(pointed) map with the property that, for any finite CW-complex W and map 
j : W + X, the composition 
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is null-homotopic. ’ A rather different notion of phantom map would result if we 
instead required W to run over all finite-dimensional CW-complexes. However, the 
two notions of phantom map do coincide if X happens to have the homotopy type 
of a skeleton-finite CW-complex, e.g., if X is nilpotent of finite type. We will 
adhere to the first notion of phantom map and write Ph(X, Y) for the set of 
(pointed) homotopy classes of phantom maps from X to Y. Whenever the full 
(pointed) homotopy set [X, Y] admits a natural group structure, i.e. Y is grouplike 
or X is a cogroup, then Ph(X, Y) is a subgroup of [X, Y I. 
Next we recall that if X has the homotopy type of a skeleton-finite CW-com- 
plex, there is a set-theoretic bijection 
Ph(X, Y) =@lim’[X, flY(” (1.1) 
where Yen) is the nth Postnikov approximation of Y. If Y is grouplike or if X is a 
cogroup, the right-hand side of (1.1) is an abelian group and (1.1) is a group 
isomorphism. If, in addition, Y has f.g. higher homotopy groups (a finite type 
target in the terminology of [5]), then the groups [X, OY’“‘] are f.g. and the 
right-hand side of (1.1) is @ applied to a tower of f.g. abelian groups. Since, 
according to [3, Theorem 2.61, such a group is divisible abelian, we infer from (1.1) 
that Ph(X, Y) is divisible abelian. 
Now Meier’s aim in [6, Proposition 6(n)] was to demonstrate that for suitable 
l-connected, finite type spaces X and Y with Y a loop space, the divisble abelian 
group Ph(X, Y) may possess torsion. To that end, Meier constructed Y as a 
suitable Zabrodsky mix of KG& 3) and S3. Namely, if I and J are nonempty, 
complementary sets of primes, then let A4 = M(I, J) be the homotopy-pullback 
pictured as 
M-S3 
I 
J 
I (1.2) 
KU,, 3) - K(Q, 3); 
here KG?,, 3) and SJ” denote the respective localizations of K(H, 3) and S3 and 
the bottom and right-hand maps are rationalizations. Note that (1.2) may be 
delooped to a homotopy-pullback diagram 
BM-BS3 J 
I I 
HZ,, 4) - K(Q, 4); 
in particular, M may be identified with the loop space i2BM. 
1 Throughout this paper, all spaces will be assumed to be (pointed) path-connected CW-spaces. 
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We may then state: 
Theorem 1 [6, Proposition 6(ii)]. Zf X = K(Z, 2) and Y is the space A4 described in 
(1.21, then 
Ph( X, Y) = R @ @ Zpm, 
PEl 
where R is viewed as the direct sum of 2 ‘0 copies of Q and hpm is the Ptifer p-group 
(the p-torsion subgroup of Q/z). 
To generalize Theorem 1, consider the family of homotopy-pullbacks 
M2n-1 =M 
2n-l(z, J) - n2s;” + 1 
- 1)~ K(Q, in - I), 
M2” =M2”(Z J)-RS2”+’ J 
I I 
KG?,, 2n) -----+ K(Q; 2n), 
n 2 1. As with (1.2), (1.3) may be delooped to homotopy-pullback diagrams 
Bj,,f2"-1 -.,2n+l 
I IJ 
1 I 
K@,, 2n) -K(Q, 2n), 
BM2” ,sZn+l , 
(1.3) 
KC?,, 2n + 1) -K(Q, in + 1); 
in particular, M2n-1 and M2” may be identified with the loop spaces LlBM2”- ’ 
and 0 BM 2n respectively. 
Note that M3 is a “first cousin” of the space M described in (1.2). A 
natural family of spaces generalizing M would be the homotopy-pullbacks 
572n-1472n-1 
u, J) 
-p-1 
I I 
K(Z,, 2n - 1) -K(Q, 2n - l), 
(1.4) 
n > 1. However, when n > 3, the spaces M2n-1 are not generally loop spaces. (Of 
course, a3 = M.) 
more 
Theorem 2. Zf X= K(Z, 2n - 2) (or K(Z, 2)) and Y = M2n-1, or if X= K(Z, 
2n - 1) and Y = M2”, then for n 2 2, 
Ph(X, Y) =R@ @Zp-. 
PE'l 
Moreover, in the cases just described, Ph(X, Y > = [X, Y I. 
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There is a sort of dual version of Meier’s example, introduced by McGibbon 
and Moller in [4]. In this example, X is taken to be the space M2 described in (1.3) 
and Y = S3. By a computation similar to Meier’s, McGibbon and Moller conclude 
that 
This example may be generalized in much the same way that Theorem 1 is 
generalized by Theorem 2. 
Theorem 3. Zf X= M2n-2 (or M*) and Y= 0*S2”+‘, or if X= M2n-1 and 
Y = 03S2n+3, then for n > 2, 
Ph(X,Y)=R@ @+. 
PEJ 
Moreover, in the case X= M2n-1 and Y= 03S2n+3, Ph(X, Y> = [X, Y]. 
To motivate our next result, we recall an algebraic fact [3, Theorem 2.71. 
Proposition 4. Let (A,) be a tower of f.g. abelian groups and write the divisible 
abelian group @A,, as a direct sum of copies of Q and copies of Zpm, p running 
over the set of primes. Zf g A,, # 0, then: 
(i) The number of Q-summands is 2’0. 
(ii) For each p, the number of Z,-summands is either finite or 2’0. 
As previously noted, groups arising as Ph(X, Y&for X the homotopy type of a 
skeleton-finite CW-complex, Y a finite type target and either Y grouplike or X a 
cogroup-are of the kind appearing in Proposition 4. It is natural to ask which 
groups of the latter kind actually arise as Ph(X, Y) for suitable X and Y. Here is 
the answer: 
Theorem 5. Any group of the kind described in Proposition 4 arises as Ph(X, Y) for 
suitable l-connected, finite type spaces X and Y with Y a loop space. 
The proofs of (most of) Theorems 2 and 3 may be carried out using the @ 
techniques of Meier [61 (cf. [4,51) but one of our main goals is to provide proofs 
based on the ideas of [7-91. These proofs-presented in Section 2-are not only, 
we believe, very instructive but have the added virtue of yielding the sharper 
information that Ph(X, Y) = [X, Y] in the situations at hand. Whereas our proof 
of Theorem 2 exploits the homotopical Mayer-Vietoris sequence applied to (1.31, 
our proof of Theorem 3 exploits the dual cohomological Mayer-Vietoris sequence 
applied to (1.3) and (1.4). For this purpose, we need to know that the homotopy- 
pullbacks in (1.3) and (1.4) are homotopy-pushouts as well-a fact, implicit in [2], 
that certainly deserves explicit recognition. The proof of Theorem 5 appears in 
Section 3 and is based on Theorem 2 (or Theorem 3). In fact, critical in our proof 
J. Roitberg / Topology and its Applications 59 (1994) 261-271 265 
of Theorem 5 is the fact that the connectivity of the space M2n-1 is an increasing 
function of n. Thus Theorem 2 (likewise Theorem 3) is not an instance of 
gratuitous generality-mongering. 
2. Proofs of Theorems 2 and 3 
Since our proofs of Theorems 2 and 3 are based on [7-91, we begin with a very 
rapid review of the pertinent results from those papers. 
Roughly, the gist of [9] is that under “favorable” conditions on the spaces X 
and Y, we have 
Ph(X, Y) =r*[X(,,,, Y] =[X, Yl, (2.1) 
where r : X+XcO) is a rationalization map; and that under “even more favorable” 
conditions on X and Y, 
r* : [ XcO,, Y] ---L [X, Y], (2.2) 
so that-combining (2.1) and (2.2)- 
Ph(X, Y) = [X, Y] = [Xc,,, Y]. (2.3) 
To be more precise, (2.1) certainly holds when X and Y are l-connected and of 
finite type over the A-localized integers Z, for some set of primes A-A need not 
be the same for X and Y and, in the case of Y, A must be nonempty; and (2.2) and 
(2.3) hold when, additionally, X is a finite Postnikov space, or an iterated 
suspension of such, and Y is of the homotopy type of the A-localization of a finite 
CW-complex, or an iterated loop space of such. 
Moreover, under the same conditions for which (2.1) holds, there is a bijection 
[ -ql,Y y] = I-I ~+L-lX(,,~ TJ) (2.4) 
ma2 
which, when Y is grouplike or X is a cogroup with r,X finite, is actually a group 
isomorphism [7,81. 
In order to prove Theorems 2 and 3, we will use the following consequence of 
(2.1)-(2.4): 
Proposition 6. Let A and B be sets of primes, B nonempty and let r 2 2 and k 2 0. 
6) If r is even, then 
Ph(K(Z,, r), 0kS;)+3) = [K(h,, r), 0’Si+3] 
R, ?z 
l 
ifk=2, 
0, ifk#2; 
Ph(K(Z,, 2), 0kS;+3) = [K(Z,, 2), 0kS;+3] 
ifkiseven, k<2r, 
otherwise. 
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(ii) Zf r is odd, then 
Ph(K(H,, r), o~sL+‘) = [K(z,, r), o~,sL+~] 
i 
R, 5% 
ifk=l, 
0, ifkil; 
Ph(K(Z,, r), o~sA+~) = [K(E,, r), o~sL+~] 
R, = 
i 
ifk=3, 
0, ifk#3. 
Proof. We prove the second part of (i) and leave the rest to the reader. Using 
(2.1)-(2.4), we find 
Ph(K(Z,, 2), 0kS;+3) = [I+,, 2), 0kS;+3] 
z [K(Q, 2), @S;lf3] 
= ~$Ext(H,J(Q, 2), TJI~S;+~). 
But the factor Ext(H,_,K(Q, 2), rrmL!kSL+3), m > 2, is 0 unless m + k = r + 3 and 
m is odd, in which case k is even and Ext(H,_,K(Q, 2), rr a”SL+“> reduces to 
Ext(Q, Z,). To conclude the proof of Proposition 2, it suffic: to note that 
Ext(Q, HB) = R, if B # @, 
which may be seen by applying Hom(Q, -> to the short exact sequence 
z,~Q+Q/Z,. 0 
Proof of Theorem 2. We are content to prove Theorem 2 in the case X = K(Z, 2) 
and Y = M2”-l; the other cases are dealt with in similar fashion. 
The delooping of (1.3) leads to a long fibration sequence (see [l]) 
... +K(Z,,2n-2)X03S;“+l 
1 
K(Q, 2n - 2) 
1 
M2n-1 +K(Z,, 2n - 1) x02S;n+1 (2.6) 
1 
KCQ, 212 - 1) 
1 
BM2”-l + K(E,, 2n) x OSjn+‘, 
and all the maps in this sequence are loop maps. (That the final three maps are 
loop maps is irrelevant.) Applying [KG?, 2),-l to the relevant portion of (2.51, we 
obtain-abbreviating K = KG?‘, 2)-a long exact sequence of group homomor- 
phisms 
. . . + [K, KG?,, 2n - 2) X fi3Sjn+‘] 
1 
[K, K(Q,2n-211 
1 
[K, M 2n-1] -+[K, K@,, fn - 1) X 02S:“+1] (2.6) 
[K, K(Q, Tn - 01 
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We first show that 
Ph( K, A4 24) = [K, &12”-‘]. 
To this end, let ~E[K, M2”-‘I 2 and write <f,, f,) for the image of f in 
[K, K(Z,, 2n - 1) x fi2S,2”+1]; 
fi E [K, K(Z,, 2n - I>] = 0, 
f2 E [K, f12,S,2”+‘] = Ph(K, fi2S;“+‘) 
by Proposition 6(i). Thus, if j: W + K is a map of a finite CW-complex W into K, 
the image of f 0 j in [W, KG?,, 2n - 1) X i22SJ2n+11, namely (fl 0 j, f2 0 j), is 
plainly 0. But 
[WY M 2n-1] + [W, K(Z,, 2n - 1) x .2S;n+1] 
is a monomorphism by [2, Theorem 115.31; hence f 0 j = 0 and so f~ Ph(K, 
M2n-1), as claimed. 
Next, note that with the help of Proposition 6(i), formula 
Q-+ [K, M2”-‘1 -+R 
h 
1 . . . 
Moreover, by the known behavior of the connecting map in 
the map Z, + Q in (2.7) is just the standard embedding. 
reduces to the short exact sequence 
Q/Z, H [K, M2”-‘1 + R. 
(2.6) reduces to 
(2.7) 
the fibration (2.5) [ll, 
Hence (2.7), in turn, 
Since Q/Z, z (Q/Z),, the I-torsion subgroup of Q/Z, the proof of Theorem 2 is 
complete. 0 
As a preliminary to the proof of Theorem 3, we state a proposition. 
Proposition 7. Let U and V be rationally equivalent, l-connected spaces and let I and 
.I be complementary sets of primes. Then the homotopy-pullback diagram 
z-v J 
I I 
(2.8) 
vii- qo, = qo, 
is also a homotopy-pushout diagram. 
Proof. Let 
z-v J 
I 1 
U, - T 
(2.9) 
*We follow the hallowed tradition in homotopy theory of sometimes identifying a map with its 
homotopy class. 
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be the homotopy-pushout induced by the left-vertical and top-horizontal maps in 
(2.8). There results a commutative diagram 
(2.10) 
Applying Hi(-), i > 0, to (2.8) and (2.91, we obtain commutative squares of abelian 
groups 
“i-“l” 
Hi&--HXJ 1 (0)’ 
“i-“l” 
H,U,-HiT. 
(2.11) 
(2.12) 
According to E2, Remark, p. 301, (2.11) is a pushout; and using the Mayer-Vietoris 
sequence in homology, we see that (2.12) is also a pushout. It then follows that in 
the diagram 
obtained by applying Hi(-) to (2.101, the homomorphism H,T + HiU~o, is an 
isomorphism. Thus the map T + Uco, in (2.10) is a homotopy equivalence. q 
Proof of Theorem 3. This time, we are content to treat the case X = M2n-1 and 
y=fl3~2"+3 
Using Proposition 7 and [ll, we obtain from (1.4) a long cofibration sequence 
KG?,, 2n - 1) v 
1 
SJznpl 
K(Q, 2n - 1) -+.I$CM~“-~ 
1 
-ZKCZ,, 2n - 1) v SJ’ 
(2.13) 
SK(Q, 2n - 1) + . . . . 
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Applying [-, L?zS2n+3 ] to the relevant portion of (2.13), we obtain 
i 
MQ,2n- 1),~2~*n+3]c[~M*n-l,~*~*n+3~ 
t 
(2.14) 
[ZK(Z,, 2n - 1) v sJ2n, O*S*n+s] 
1 
We first show that 
[I$K(Q, 2n - 1, 02S2n+3] +- * * * . 
Ph(sa*“-1, a2~2n+3) = [=&j*“-1, fl2~2n+3]_ 
(This is equivalent to showing that 
Ph(@“-1, f~3~2n+3) = [&j2n-1, fj3~2”+3].) 
Since [K(Q, 2n - 11, 02S2n+3 - I 0 by Proposition 6(u), [,VUGZ,, 2n - 1) v Sj”, 
fJ2S2”+31 maps onto [ZB2n-1, 02S2”+3] so it suffices to show that 
Ph(X(Z,, 2n - 1) v S;“, L?zS2”+3) 
= [ ZK(%,, 2n - 1) V Sf”, Lt2S2n+3]. 
But 
[.Z:K(Z,, 2n - l), L?2S2n+3] = Ph(XK(Z,, 2n - l), 02S2n+3) 
by Proposition 6(G); and we claim that 
[ Sfn, fJ2S2n+3] = Ph(S;“, 02S2n+3). 
Indeed, if j : W + S;” is a map of a finite CW-complex W into STn, it is plain that 
j factors through S*“; hence any composition 
w-+ Sg” + fi*s*n+3 
must be null-homotopic since O2S2n+3 is (2n)-connected. 
Next, note that by virtue of Proposition 6(n), (2.14) reduces to 
0 t [sM*n-l, L?*S*n+s] 
T (2.15) 
Ext(Q, Z) x [S,zn, f12S2n+3] + Ext(Q, Z) + . . - 
Since the map in the bottom row in (2.15) is just the “diagonal” embedding of 
Ext(Q, 22) into Ext(Q, Z) X [S;n, 02S2n+31 and since--S;” being a (212 + l)- 
dimensional CW-complex- 
[ sp, fPs*n+q E [ Sf”, K(H, 2n + I)] = Ext(Z,, Z), 
we readily conclude from (2.15) that 
[,,*‘-l, f12S2n+3] = Ext(Z,, Z). 
Finally, 
Ext(E,, Z) = R @ @ Zpm, 
PEJ 
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as may be seen by applying Hom(Z,, -> to the short exact sequence 
z~Q+o/z, 
and the proof of Theorem 3 is complete. 0 
Remark. We point out that for X = I%@“-* (or M*> and Y = L!2S2n+1, PMX, Y) is 
a proper subset of [X, Y]. Indeed, the analogues of (2.14) and (2.15) in those cases 
would have [,UU,2”-1, L?nS*“+l] in place of [Sf”, 02S2”+31. By the classical 
splitting of ZL!?*“-‘, we have 
[ ms;“-1, w”+‘] 
E [ x:S;n-2, L?p+q x n [ ,.gp-l), m*“+‘] ) 
t>2 
and the second factor consists entirely of non-phantom maps. 
3. Proof of Theorem 5 
We assume given a divisible abelian group D, which, when written as a direct 
sum of copies of Q and copies of Zpm, p running over the set of primes, satisfies: 
the number of Q-summands is 2’0; for each p, the number, IZ,, of Z,m-summands 
is either finite or 2’0. If each np = 0, then D = R and 
Ph(K(Z, 2), S3) = D. 
Thus, to prove Theorem 5, we may assume that at least one np is not 0. We 
decompose the set of positive integers N, or possibly a finite subset of N, into a 
disjoint union of subsets, L.. JVp, where 
card(N,) = 
i 
nP, 
if np is finite, 
N,, if np = 2x0. 
For each n E N,, let 
I = ( p} , J = all primes other than p, 
and form the space M*“+’ = h4 *“+‘(I, J) described in (1.3); according to Theo- 
rem 2, 
Ph(K(G 2), ~4 2n+1) = [K(Z, 2), M2n+1] = R cI3 Hpm. (3-l) 
Now let 
y= nM*n+l, 
where the product is taken over all n E u pNp. Since M’“+l is (2n)-connected, it 
is clear that Y is of finite type. We assert that 
Ph(K(Z, 2), Y) = [K(Z, 2), Y] gD. (3.2) 
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In fact, (3.2) is an immediate consequence of (3.1) together with the following 
standard piece of group theory. 
Proposition 8. Let C be a Cartesian product of countably many groups of the form 
Z,-, p running over the set of primes, and write the (divisible) group C as a direct 
sum of copies of Q and copies of Zpm, p running over the set of primes. If the 
number of Z,--factors in the Cartesian product decomposition of C is finite, say mr, 
then the number of .Z,--summands in the direct sum decomposition of C is also m,; 
and if the number of ZPm-factors in the Cartesian product decomposition of C is N,, 
then the number of Z,--summands in the direct sum decomposition of C is 2’0. 
References 
[l] E. Dyer and J. Roitberg, Note on sequences of Mayer-Vietoris type, Proc. Amer. Math. Sot. 80 
(1980) 660-662. 
[2] P. Hilton, G. Mislin and J. Roitberg, Localization of nilpotent grouprj and spaces, Notas de 
Matematica, North-Holland Mathematics Studies 15 (North-Holland, Amsterdam, 1975). 
[3] CU. Jensen, Les foncteurs derives de @ et leurs applications en theorie des modules, Lecture 
Notes in Mathematics 254 (Springer, Berlin, 1972). 
[4] C.A. McGibbon and J. Moller, How can you tell two spaces apart when they have the same n-type 
for all n?, London Mathematical Society Lecture Note Series 176 (Cambridge University Press, 
Cambridge, 1992) 131-143. 
[5] CA. McGibbon and J. Roitberg, Phantom maps and rational equivalences II, Bol. Sot. Mat. 
Mexicana (2), to appear. 
[6] W. Meier, Pullback theorems and phantom maps, Quart. J. Math. 29 (1978) 469-481. 
[7] J. Roitberg, Weak identities, phantom maps and H-spaces, Israel J. Math. 66 (1989) 319-329. 
[8] J. Roitberg, Phantom maps, cogroups and the suspension map, Quaestiones Math. 13 (1990) 
335-347. 
[9] A. Zabrodsky, On phantom maps and a theorem of H. Miller, Israel J. Math. 58 (1987) 129-143. 
